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1 Introduction
Entanglement entropy plays an important role in characterizing the correlations of different
parts in a many-body system [1, 2]. The usual way of calculating the entanglement entropy
is the replica trick [3, 4], in which one firstly calculates the general order n Re´nyi entropy
and then takes the n → 1 limit. It is usually not easy to calculate the entanglement entropy
in a quantum field theory, but for a CFT (conformal field theory) that has a gravity dual
in AdS (anti-de Sitter) background one can use the AdS/CFT correspondence [5–8] and
have a simple calculation. The entanglement entropy of a region A in the boundary CFT





















with G being the Newton constant. This is the Ryu-Takayanagi formula of holographic
entanglement entropy [9–12]. This is a classical gravity result, and one can also consider
the quantum corrections [13–15].
Quantum gravity in AdS3 spacetime with cosmological constant Λ = −1/ℓ
2 is dual to





The small Newton constant expansion in gravity side corresponds to large central charge
expansion in CFT side [13, 14, 17, 18]. The part of the Re´nyi entropy that is proportional
to central charge is called classical, the next-to-leading part is called one-loop, and the
next-to-next-to-leading part is called two-loop, and et. al.
The calculation of N -interval Re´nyi entropy in a two-dimensional CFT is equivalent to
the calculation of a 2N -point correlation function of twist operators [19]. For one interval
on complex plane the Re´nyi entropy is universal [4, 19], but when for cases of two or more
intervals there are no general results and the details of the CFT are relevant [13, 20–23].
For two short intervals on a complex plane, on which we focus in this paper, one can
calculate the Re´nyi entropy as expansion of the cross ratio x in both gravity and CFT
sides [13, 14, 23–31]. In CFT side one can use the OPE (operator product expansion) of
twist operators, and various cases have been considered [13, 23–30]. Using this method it
is very cumbersome to calculate the Re´nyi entropy to higher order of the cross ratio x. In
gravity side the one-loop Re´nyi entropy of the graviton has been calculated to order x8
in [14], and this result is reproduced in CFT side by considering contributions of stress
tensor in [24, 25]. There is a similar story for the one-interval Re´nyi entropy on a torus
with the temperature being low or high [14, 32–38], but we will not consider the case in
this paper.
It was pointed out in [28] that if one takes the n → 1 limit and only calculates
the entanglement entropy the calculation would be much easier, both in gravity and in
CFT sides. In gravity side, the one-loop entanglement entropy of the graviton has been
calculated to order x10, that of the spin-3 field to order x14, and that of the spin-4 field to
order x18 [28]. In this paper we adopt this strategy and calculate the one-loop entanglement
entropy in CFT side. For stress tensor we calculate the one-loop entanglement entropy to
order x10, for W3 operator to order x
12, and for W4 operator to order x
14.
The rest of the paper is arranged as follows. In section 2 we review the method of
calculating the one-loop two-interval entanglement entropy from OPE of twist operators,
as well as the gravity results that we want to reproduce in the CFT side. In section 3
we calculate the contributions of stress tensor to the one-loop two-interval entanglement
entropy. In section 4 and 5 we consider the casesW3 operator andW4 operator, respectively.
We end with conclusion and discussion in section 6. In appendix A there are details of


















2 Entanglement entropy from OPE of twist operators
In this section we review small cross ratio expansion of entanglement entropy of two short
intervals. We also give the basic setup of the calculation in the paper. It will be very brief
here, and one may see details in [13, 23–28].
We consider a two-dimensional CFT on the complex plane, and the constant time slice
is an infinite straight line. One can choose a subset A of the line which is the union of
several intervals, and name its complement as B. The vacuum state density matrix of the
CFT is ρ = |0〉〈0|, and one can trace out the degrees of freedom of B and get the reduced
density matrix
ρA = trBρ. (2.1)









For two subsets A and B that do not necessarily complement each other, one may define



















To get the order n Re´nyi entropy ofN intervals, one uses the replica trick and calculates
the partition function of the CFT on a genus (n− 1)(N − 1) Riemann surface. This equals
to the correlation function of 2N twist operators σ, σ˜ that are inserted at the boundaries
of each interval on a complex plane in CFTn that is the n-fold of the original CFT [19].
The twist operators σ, σ˜ are primary operators with conformal weights [19]




For the case of two short intervals in a CFT where all the relevant operators can be decou-
pled as holomorphic and anti-holomorphic sectors and every anti-holomorphic operator is in
one-to-one correspondence with a holomorphic one, one has the Re´nyi mutual information









xhK 2F1(hK , hK ; 2hK ;x)
]
. (2.6)
Here the summationK is over all the holomorphic linearly independent orthogonal quasipri-
mary operators ΦK in CFT
n, and every ΦK is constructed from quasiprimary operators of
the original CFT. We call the quasiprimary operators in the original CFT as the old ones,





























z2hK 〈ΦK(z)〉Rn,1 , (2.8)
and here Rn,1 is an n-sheeted Riemann surface with the branch cut being [0, l]. The
expectation value on Rn,1 with coordinate z is calculated by mapping it to a complex








When some new quasiprimary operators ΦKp with p = 1, 2, · · · ,m in CFT
n are not
orthogonal to each other, we can either orthogonalize them using Gram-Schmidt process,





K dK . (2.10)
Here dTK is the transpose of the m-dimensional vector dK
dTK = (dK1 , dK2 , · · · , dKm), (2.11)




, p, q = 1, 2, · · · ,m, (2.12)
and α−1K is the inverse of αK .
To calculate the Re´nyi mutual information (2.6) to higher order of x, one has to
consider a large number of new quasiprimary operators, and this makes the method very
cumbersome. However, it was shown in [28] that if one is only interested in the mutual
information, i.e. the n → 1 limit of the Re´nyi mutual information (2.6), the calculation
can be simplified significantly. The example of contributions of scalar operators has been
given therein. In this paper we will give more examples, including contributions of stress









xhK 2F1(hK , hK ; 2hK ;x)
]
, (2.13)
with K denoting summation over the nonidentity holomorphic new quasiprimary opera-
tors of CFTn. Here dˆK is got from dK by setting all the n’s, but the ones in trigonometric
functions, to 1. It will not affect the result of mutual information, and it will make the
calculation much simpler. We will see in the subsequent sections of this paper that only
some of new quasiprimary operators contribute to the mutual information. Furthermore,
the central charge c dependence comes from dˆ2K/αK , and the number of new quasipri-
mary operators would be smaller if we only want to get the one-loop part of the mutual
information.
The method of calculating the one-loop entanglement entropy in the gravity side was

















in the background of the handlebody.1 It has been calculated in gravity side that, the spin-



































































In AdS/CFT correspondence, it is standard that the graviton corresponds to stress tensor
in CFT side. Also a general spin-s field in gravity side corresponds to Ws and W¯s operators
in CFT side [43, 44]. In this paper we will reproduce the results (2.14) in the CFT side.
3 Stress tensor
In this section we consider an ordinary large central charge CFT, and we get the contri-
butions of vacuum conformal family operators to the one-loop mutual information of two
short intervals. The primary operator of the vacuum conformal family is the identity, and
the holomorphic decedents are constructed by the stress tensor T , normal ordering and
derivatives. Firstly we need to construct the new quasiprimary operators ΦK we need,
then we calculate the coefficients αK and dˆK , and lastly we sum the results to get the
mutual information.
3.1 Construction of quasiprimary operators
For the original CFT, we count the number of vacuum conformal family holomorphic









Then the number of old holomorphic quasiprimary operators in each level is listed as
(1− x)χ(2) + x = 1 + x
2 + x4 + 2x6 + 3x8 + x9 + 4x10 +O(x11). (3.2)
They are listed in table 1. At level 0, it is the identity operator 1. At level 2 we have the
stress tensor T and αT =
c
2 . At level 4 we have







At level 6 we have





















3c(2c− 1)(5c+ 22)(7c+ 68)
4(70c+ 29)
.

















level 0 2 4 6 8 9 10 · · ·
quasiprimary 1 T A B, D A(8,m) A(9) A(10,m) · · ·
Table 1. Old holomorphic quasiprimary operators of vacuum conformal family in the original CFT.
The ranges in which the m’s take values can be seen easily in (3.2). At level 8 we have m = 1, 2, 3,
and at level 10 we have m = 1, 2, 3, 4.
The quasiprimary operator D is chosen such that the structure constant CTTD = 0, and
B is chosen such that it is orthogonal to D. At level 8 we have A(8,m) with m = 1, 2, 3,
and we need neither their explicit forms or their normalization factors. At level 9 we have
A(9). At level 10 we have A(10,m) with m = 1, 2, 3, 4.
Using the old holomorphic quasiprimary operators of the original CFT listed above as
well as derivatives, we can construct all the new holomorphic quasiprimary operators of
CFTn to level 10. Given p old holomorphic quasiprimary operators of original CFT that
are located at different replica Oj1 , Pj2 , Qj3 , · · · , we can just multiply them and get one
new quasiprimary operator of CFTn
Oj1Pj2Qj3 · · · . (3.5)
Given also q derivatives, we can get Cqp+q−1 linearly independent operators, and so the






We denote these quasiprimary operators with one derivative as
Im(Oj1Pj2Qj3 · · · ), m = 1, 2, · · · , p− 1, (3.7)
or simply
I(Oj1Pj2Qj3 · · · ). (3.8)
For all the linearly independent new holomorphic quasiprimary operators with permuta-
tions of these ji’s from 0 to n− 1, we just denote them by
I(OPQ · · · ). (3.9)
We use similar notations for the new holomorphic quasiprimary operators of CFTn with
two and more derivatives, and for example we have II(OPQ · · · ), III(OPQ · · · ), · · · . We
call these operators belong to the class OPQ · · · .
The new holomorphic operators of CFTn can be counted as χn(2) with χ(2) being defined
















n(n+ 1)(n2 + 17n+ 18)
24
x8 +




n(n+ 1)(n3 + 39n2 + 156n+ 44)
120
x10 +O(x11).

















level quasiprimary ?? # # level quasiprimary ?? # #



















2 T × × n n I(TTA) XX n3
4







I(TTTT ) XX n48
TT XX n22 III(TA) × × n2
5 I(TT ) XX n22
n2
2 III(TTT ) X×
2n3
3











V(TT ) XX n22
6
TA × × n2 A

























TTT X× n36 TA
(8,m) × × 3n2
II(TT ) XX n22 AB, AD × × 2n2













7 I(TTT ) X× n33 TTB XX
n3
2
III(TT ) XX n22 TTD × ×
n3
2



















TB, TD × × 2n2 10 TTTTT X×
n5
120
AA XX n22 II(TB), II(TD) × × 2n2
8
TTA XX n32 II(AA) XX
n2
2
TTTT XX n424 II(TTA) XX
3n3
2
II(TA) × × n2 II(TTTT ) XX
n4
4
II(TTT ) X× n32 IV(TA) × × n2




A(9) × × n VI(TT ) XX n22
I(TB), I(TD) × × 2n2 · · · · · · · · · · · · · · ·
Table 2. All new holomorphic quasiprimary operators in CFTn to level 10. If we want to calculate
the general order n Re´nyi mutual information of two short intervals, we have to consider all of
them. In the third column we marked the answers to two questions for the operators. The first
question is whether the operators contribute to the mutual information, i.e. the order 1 Re´nyi
mutual information, and the second question is whether it contribute to the one-loop part of the
mutual information. If one answer is yes, we mark X, and if one answer is no, we mark × . In
this paper we concentrate on the one-loop mutual information, and so we only need to consider the
operators marked with two X’s. In the fourth and fifth columns we count the degeneracies, and we
have shorthand nm = n(n− 1) · · · (n−m+ 1). The counting is in accord with (3.10).
3.2 Calculation of coefficients
If we want to get the general Re´nyi mutual information using (2.6), we have to get coeffi-
cients αK and dK for all the operators in table 2. In spirit of [28], after we take n → 1 limit
and get the mutual information, only some of them contribute. A general old holomorphic
quasiprimary operator O with conformal weight h transforms in an arbitrary conformal
transformation z → f(z) as
O(z) = f ′hO(f) + · · · , (3.11)
with · · · denoting terms that have the Schwarzian derivative or its derivatives. For the

















to n− 1. We divide the nonidentity new quasiprimary operators of CFTn in two cases.
• For a new operator with only one nonidentity old quasiprimary operator of the orig-
inal CFT in one replica, say Oj with j = 0, 1, · · · , n − 1, coefficient dK only comes
from the · · · in (3.11), and we have dK ∼ n− 1. So the term d
2
K/(n− 1) vanishes in
the n → 1 limit. Such operators do not contribute to the mutual information.
• For the other cases, the coefficients dK is consisted by some trigonometric functions,
and terms from · · · in (3.11) are still proportional to n−1. A summation of d2K/αK is
just a summation of some trigonometric functions, and this always leads to an overall
factor n− 1. After summation the contributions from · · · in (3.11) are proportional
to (n− 1)2, and these terms over n− 1 would vanish in the n → 1 limit.
From the above analysis, we need not the full form of dK to get the mutual information,
we only need to replace dK by
dˆK = dK by taking all n → 1 except the ones in trigonometric functions. (3.12)
The new coefficient dˆK is calculated using (2.8), (2.9), (3.12), as well as (3.11) without
the · · · .
To make the analysis of the large central charge limit easier, we define the modified

























For CFTn quasiprimary operators with only one quasiprimary operator of the original
CFT, we need not to consider them, as we have said above. For quasiprimary operators
with two quasiprimary operators of the original CFT, we only need to consider the cases
when the two operators are the same. We have the CFTn operators of class OO
OO, I(OO), II(OO), · · · . (3.15)
For these operators we choose CK = αO and α˜K = α
2
O. For quasiprimary operators with
three quasiprimary operators of the original CFT, say class OPQ
OPQ, I(OPQ), II(OPQ), · · · . (3.16)
we choose CK = COPQ and α˜K = αOPQ = αOαPαQ with COPQ being the structure
constant. For quasiprimary operators with four and more quasiprimary operators of the
original CFT, usually we cannot make bˆK and βK independent of the central charge, but
we can always make them independent of the central charge in the large central charge

















operators in class OPQ · · · , we have the coefficient α˜K = αOPQ··· = αOαPαQ · · · . With
all these setups, we can easily identify whether some operators contribute to the mutual
information or not, and if yes whether they contribute to the one-loop mutual information
or not. The answers to the two questions are marked in the third column of table 2. The
result is that we only need the quasiprimary operators of the classes TT , AA, TTA, TTTT ,
TTB to get the one-loop mutual information.
For the classes of TT and AA, the contributions to mutual information are just
ITT = IOO|h=2, IAA = IOO|h=4, (3.17)
with IOO being (A.4).





To level 10, the quasiprimary operators we need to consider are

























We have the modified normalization factors












































































with the definitions sj1j2 = sin(
j1−j2
n
π), sj1j2j3 = sin(
j1+j2−2j3
n




the ones similar to them.





















To level 10, we need the operators
TTTT, I1(TTTT ) = i∂TTTT − T i∂TTT,
I2(TTTT ) = i∂TTTT − TT i∂TT, I3(TTTT ) = i∂TTTT − TTT i∂T,










































The modified normalization factors are
βTTTT = 1, βI(TTTT ) = 4

 2 1 11 2 1
1 1 2

 , βII(TTTT ) = 165


9 2 2 2 2 0
2 9 2 2 0 2
2 2 9 0 2 2
2 2 0 9 2 2
2 0 2 2 9 2




We need the leading part of the four-point function






























































bˆj1j2j3j4I2(TTTT ) = bˆ
j1j3j2j4
I1(TTTT )
















































Here there are new definition sj1j3j2j4 = sin(
j1−j3−j2+j4
n
π) and the ones similar to it.





















and the operators, modified normalization factors, and modified OPE coefficients are










3.3 One-loop mutual information
Using the coefficients in the last subsection and the summation formulas in appendix B we
can get the one-loop mutual information. The contributions from operators of class TT ,




















































+O(x11), I1-loopTTB = O(x
11). (3.29)
























and this matches the gravity result in [28], i.e. I1-loopspin-2 in (2.14). Note that I
1-loop
TT matches
I1-loop(2) to order x
7.
4 W3 operator
In a CFT with W (2, 3) symmetry, there are operators W with conformal weights (3,0) and
W¯ with conformal weights (0,3) besides the operators T and T¯ . In such a CFT the con-
tributions from the stress tensor still exist. In this section we consider the additional con-
tributions to the one-loop mutual information because of the existence of the W operator.
4.1 Construction of quasiprimary operators

































with χ(2) being defined in (3.1). The holomorphic operators in the conformal family of
a general holomorphic nonidentity primary operator φ with conformal weights (h, 0) are
counted as
χφ = trφx










1+x2+ x3 + 2x4 + 2x5 + 4x6 + 4x7 + 7x8 + 8x9 + 12x10+O(x11)
]
. (4.5)
When φ is the operator W we have h = 3, and we choose αW =
c
3 as usual. At level 5, we
have the quasiprimary operator







At level 6, we have










At level 7, we have two quasiprimary operators



























c(c+ 23)(5c− 4)(7c+ 114)
6(35c+ 53)
.
Here Z is chosen such that the structure constant CTWZ = 0, and X is chosen such that








The additional holomorphic primary operators in the original CFT with W (2, 3) sym-
metry are counted as
χ(2,3) − χ(2)
χ
= x3 + x6 + x8 + x9 + x10 + x11 + 3x12 +O(x13), (4.10)
with χ(2) in (3.1), χ(2,3) in (4.1), and χ in (4.4). At level 3, it is just W , and at level 6, 8, 9,
10, 11 we name them E , F , G, H, and I, respectively. At level 12, there are three of them,
and we name them J , K, L. We list them and their decedent quasiprimary operators in









The explicit forms, normalization factors, structure constants of other primary operators

















L0 2 3 4 5 6 7 8 9 10 11 12 · · ·
# 1 1 1 1 4 2 7 7 12 14 26 · · ·
1 T A A(6,m) A(8,m) A(9) A(10,m) A(11,m) A(12,m) · · ·
W W U V X , Z W (8,m) W (9,m) W (10,m) W (11,m) W (12,m) · · ·
E E E(8) E(9) E(10,m) E(11,m) E(12,m) · · ·
F F F (10) F (11) F (12,m) · · ·
G G G(11) G(12) · · ·
H H H(12) · · ·
I I · · ·
J , K, L J , K, L · · ·
Table 3. Old holographic nonidentity quasiprimary operators in the original CFT with W (2, 3)
symmetry. In the first line, there are the levels. In second line it is the number of quasiprimary
operators in each level. From the third line, we list the quasiprimary operators in each conformal
family, and the primary operator for each conformal family is given at the first column. There are
some m’s in the table, and they take values in different ranges. The range that each m takes values
can be figured in (3.2) and (4.5).
The additional new holomorphic quasiprimary operators in CFTn with W (2, 3) sym-















n(n+ 1)(n2 + 18n− 1)
6
x9 +








n(6n4 + 109n3 + 232n2 + 83n+ 26)
24
x12 +O(x13).
They are listed in table 4.
4.2 Calculation of coefficients
To level 12, the new holomorphic quasiprimary operators in CFTn that contribute to the
one-loop mutual information are the ones in classes WW , UU , TWU , TTWW , TWV , VV ,
EE , TWX , WWE , and WWWW . The contributions of operators in classes WW , UU ,
VV , and EE are
IWW = IOO|h=3, IUU = IOO|h=5, IVV = IEE = IOO|h=6, (4.13)

















L0 quasiprimary ??? # # L0 quasiprimary ??? # #


























U × × × n
n2
TG, AX , AZ, × × × 13n2
TW × × × n2 A
(6,m)U , A(8,m)W








WW (8,m), UV X× × 3n2
6 WW XXX n22 WE
(8), WF , UE × × × 3n2
n2 TTX , TTZ, TAU ,











11 TA(6,m)W , AAW
7
TU , AW × × × 2n2 TWV XXX n3




2 TTTU , TTAW × × ×
2n4
3












TWWW × × × n46
TV, TE × × × 2n2 TTTTW × × ×
n5
24
8 WU X× × n2
n(n−1)(9n2+67n+94)
12






























(12,m), G(12), × × × 19n
9
















H(12), J , K, L
TX , TZ, AU ,
× × × 5n2
TW (10,m), TE(10,m),
× × × 17n2
A(6,m)W TF (10), TH, AW (8,m),
WV X× × n2 AE(8), AF , A(6,m)V,
WE × × × n2 A
(6,m)E , A(9)W
TTU , TAW , WWW × × × 5n33 WW
(9,m), UX , UZ X× × 6n2
TTTW × × × n46 WE
(9), WG, VE × × × 3n2
n(n−1)(5n+3)
2 VV, EE XXX n2
W (10,m), E(10,m),




















× × × 4n3
F (10), H 12 TTF , TAV, TAE
TW (8,m), TE(8),
× × × 6n2
A(6,m)WW ,
XX× 5n32TF , AV, AE AWU , TUU
WX , WZ X× × 2n2 TWX XXX n3
10 UU XXX n22 TWZ, WWV × × ×
3n3
2
TTV, TTE × × × n3 WWE XXX
n3
2
TWU XXX n3 TTTV, TTTE × × ×
n4
3
AWW XX× n32 TTWU , TAWW XX× n4









× × × 12n
n(n−1)(n3+53n2+232n+300)
24
F (11), G(11), I · · · · · · · · · · · · · · ·
Table 4. Additional new holographic quasiprimary operators in CFTn with W (2, 3) symmetry.
The operators with derivatives can be constructed from the ones without derivatives easily, and so
we only list the number of such operators in each level. In the third column we mark whether the
operators contribute to the Re´nyi mutual information In, mutual information I, and one-loop part

















For operators in class TWU , we have
TWU , I1(TWU) = i∂TWU −
2
3























the modified normalization factors














































































In class TWV , we have operators
TWV , I1(TWV) = i∂TWV −
2
3
T i∂WV , I2(TWV) = i∂TWV −
1
3
TW i∂V , (4.17)
the modified normalization factors






































For operators in class TWX , we have


























For operators in class WWE , we have










In class TTWW , we choose CK =
c2
6 and we have operators
TTWW, I1(TTWW ) = i∂TTWW − T i∂TWW,























































 6 3 33 5 3
3 3 5

 , βII(TTWW ) = 1235


84 28 28 28 28 0
28 132 42 20 0 30
28 42 132 0 20 30
28 20 0 132 42 30
28 0 20 42 132 30










































































For operators in class WWWW , we choose CK =
c2
9 and we have






































4.3 One-loop mutual information
Using the coefficients in the last subsection and the summation formulas in appendix B































































































and this matches the gravity result in [28], i.e. I1-loopspin-3 in (2.14). Note that I
1-loop
WW matches
I1-loop(3) to order x














The case of CFT with W (2, 4) symmetry is similar to the CFT with W (2, 3) symmetry. In
a CFT with W (2, 4) symmetry, there are operators W with conformal weights (4,0) and
W¯ with conformal weights (0,4), besides the stress tensor T and T¯ .
5.1 Construction of quasiprimary operators









among which the quasiprimary ones are counted as
(1− x)χ(2,4) + x = 1 + x
2 + 2x4 + 3x6 + x7 + 6x8 + 3x9 + 10x10 + 7x11 + 19x12

















L0 2 4 6 7 8 9 10 11 12 13 14 · · ·
# 1 2 3 1 6 3 10 7 19 14 32 · · ·
1 T A A(6,m) A(8,m) A(9) A(10,m) A(11,m) A(12,m) A(13,m) A(14,m) · · ·
W W U V X , Z W (9,m) W (10,m) W (11,m) W (12,m) W (13,m) W (14,m) · · ·
E E E(10) E(11) E(12,m) E(13,m) E(14,m) · · ·
F F F (12) F (13) F (14,m) · · ·
G G G(14) · · ·
H H H(14) · · ·
I, J I, J · · ·
Table 5. Old holographic nonidentity quasiprimary operators in the original CFT with W (2, 4)
symmetry.
The nonidentity holomorphic primary operators are counted as
χ(2,4) − χ(2)
χ
= x4 + x8 + x10 + 2x12 + 2x14 +O(x15), (5.3)
with χ(2) being defined in (3.1) and χ being defined in (4.4). At level 4, it is just W , at
level 8 we denote it by E , at level 10 we denote it by F , at level 12 we denote them by
G and H, and at level 14 we denote them by I and J . As usual we choose αW =
c
4 . In
conformal family of W , at level 6 we have the quasiprimary operator







at level 7 we have the quasiprimary operator







at level 9 we have the two quasiprimary operators



























c(c+ 24)(c+ 31)(55c− 6)
8(55c+ 137)
.
Here Z is chosen such that the structure constant CTWZ = 0, and X is chosen such that




, CTWV = −
ic(5c+ 22)
5





















The additional new holomorphic quasiprimary operators in CFTn are counted as
(1− x)(χn(2,4) − χ
n
(2)) = nx
4 + n2x6 + n2x7 +
n(n2 + 4n+ 1)
2
x8 +




n(n+ 1)(n2 + 14n+ 3)
6
x10 +












n(n5 + 70n4 + 695n3 + 1310n2 + 504n+ 60)
120
x14 +O(x15),
and they are listed in table 6.
5.2 Calculation of coefficients
The holomorphic quasiprimary operators that contribute to the one-loop mutual informa-
tion are the ones in classes WW , UU , TWU , TTWW , TWV , VV , TWX . For operators
in classes WW , UU and VV we have
IWW = IOO|h=4, IUU = IOO|h=6, IVV = IOO|h=7. (5.9)
For operators in class TWU , we have
TWU , I1(TWU) = i∂TWU −
1
2

























the modified normalization factors






























































































L0 quasiprimary ??? # # L0 quasiprimary ??? # #


















































TW (11,m), TE(11), AW (9,m),
××× 10n2
TU , AW ××× 2n2 A(6,m)V, A(9)W ,
8 WW XXX n22 13
WW (9,m), UV X×× 3n2
TTW ××× n32 TTW
(9,m), TAV ××× 2n3
n2 TWV XXX n3





































































G(14), H(15), I, J




AU , A(6,m)W TF (12), TG, TH, AW (10,m),
WU X×× n2 AE
(10), AF , A(6,m)X ,
10 TTU , TAW ××× 3n32 A
(6,m)Z, A(6,m)E ,
TWW XX× n32 A
(8,m)U , A(10,m)W
TTTW ××× n46 WW
(10,m), UX , UZ X×× 6n2
3n(n2−1)
2 WE
(10), WF , UE ××× 3n2
















TW (9,m), AV ××× 3n2 TTW (10,m), TTE(10),
××× 27n32
11 WV X×× n2 TTF , TAX , TAZ, TAE ,
TTV ××× n32 14
TA(6,m)U , TA(8,m)W ,
n(n−1)(n2+7n+5)





























F (12), G, H TWZ, TWE ××× 2n3
TW (10,m), TE(10), TF TUU , AWU , A(6,m)WW XX× 5n32
AX , AZ, AE , ××× 14n2 WWU XX×
n3
2
A(6,m)U , A(8,m)W TTTX , TTTZ, TTTE
WX , WZ X×× 2n2 TTAU , TTA
(6,m)W , ××× 5n42
12 WE ××× n2 TAAW , TTWU ,
UU XXX n22 TAWW , TWWW XX×
7n4
6
TTX , TTZ, TTTTU , TTTAW ××× 5n524
TTE , TAU , ××× 5n3 TTTWW XX×
n5
12




AWW , WWW XX× 2n33 · · · · · · · · · · · · · · ·
Table 6. Additional new holographic quasiprimary operators in CFTn with W (2, 4) symmetry.

















In class TWV , we have operators
TWV , I1(TWV) = i∂TWV −
1
2
T i∂WV , I2(TWV) = i∂TWV −
2
7
TW i∂V , (5.13)
the modified normalization factors






































For operators in class TWX , we have










In class TTWW , we choose CK =
c2
8 and we have operators
TTWW, I1(TTWW ) = i∂TTWW − T i∂TWW,



















































βTTWW = 1, βI(TTWW ) = 2

 4 2 22 3 2
2 2 3

 , βII(TTWW ) = 1645


81 36 36 36 36 0
36 182 72 20 0 40
36 72 182 0 20 40
36 20 0 182 72 40
36 0 20 72 182 40


























































































5.3 One-loop mutual information
































































+O(x15), I1-loopTWX = O(x
15). (5.20)






































6 Conclusion and discussion
In this paper we have calculated the one-loop entanglement entropy of two short intervals
using OPE of twist operators in the CFT side. Following the strategy in [28] we took
the n → 1 limit of the Re´nyi entropy, and this allows us to get the one-loop entanglement
entropy with higher order of the cross ratio x than before. We considered the contributions

















ones of gravity side in [28]. It is notable that there are nontrivial cancellations in (4.28)
and (5.22). We do not know if there may be some further indications for these cancellations.
In the gravity side, contributions of general spin-s fields to the entanglement entropy
have been organized into different parts [28]. It would be nice to investigate if one can
organize the CFTn quasiprimary operators that appear in the OPE of twist operators
so that some particular quasiprimary operators contribute to some particular parts of the
entanglement entropy. It is expected that there are cancellations similar to (4.28) and (5.22)
in contributions of a Ws operator with general s to the one-loop entanglement entropy.
Acknowledgments
We would like to thank Hai Lin, Wei Song, Qiang Wen, and Jun-Bao Wu for helpful discus-
sions. We thank Matthew Headrick for his Mathematica code Virasoro.nb that could be
downloaded at http://people.brandeis.edu/∼eadrick/Mathematica/index.html. The work
was in part supported by NSFC Grants No. 11222549 and No. 11575202.
A Contributions of new quasiprimary operators with two old ones
In this appendix, we investigate the contributions of new holomorphic quasiprimary oper-
ators of CFTn with two old holomorphic quasiprimary operators to the one-loop mutual
information. We consider a general old holomorphic quasiprimary O with an integer con-
formal dimension (h, 0). Using two of them we construct the new quasiprimary operators
to order 2h+ 6,2








IV(OO) = ∂2O∂2O −
2h+ 1
3(h+ 1)




V(OO) = ∂2Oi∂3O − i∂3O∂2O −
2h+ 1
2(2h+ 3)















10(h+ 2)(2h+ 3)(2h+ 5)
(O∂6O + ∂6OO).
Note that we have omitted the subscripts j1, j2 = 0, 1, · · · , n− 1 with j1 < j2, and so each
equation above actually represent n(n−1)2 operators.
2Some of the operators have been constructed in [27, 28], and the corresponding coefficients αK and dK

















The normalization of O is αO, and for all these operators we choose CK = αO and
α˜K = α
2
O. Then we get the modified normalization factor

















576h2(h+ 1)2(2h+ 1)2(4h+ 5)(4h+ 7)(4h+ 9)
5(h+ 2)(2h+ 3)(2h+ 5)
.





















































(4h+ 5)(4h+ 7)(4h+ 9)− 12(h+ 1)(4h+ 5)(4h+ 7)s2j1j2





with the definitions sj1j2 = sin(
j1−j2
n
π) and cj1j2 = cos(
j1−j2
n
π). Using (B.1), (B.2) and
taking into the contributions of the antiholomorphic sector, we get the contributions of the












(h+ 1)(2h+ 1)2(4h+ 1)x2
2(16h2 + 32h+ 15)
+
(h+ 1)2(2h+ 1)2(2h+ 3)x3
3(16h2 + 48h+ 35)
+
(h+ 1)2(h+ 2)(2h+ 1)(2h+ 3)2x4
12(16h2 + 64h+ 63)
+
(h+ 1)2(h+ 2)2(2h+ 1)(2h+ 3)2(2h+ 5)x5
30(64h3 + 368h2 + 636h+ 297)
(A.4)
+
(h+ 1)(h+ 2)2(h+ 3)(2h+ 1)(2h+ 3)2(2h+ 5)2x6




Note that these operators only contribute to the one-loop part of the mutual information.



























3F2(2s, 2s− 1/2, 2s+ 1; 2s+ 3/2, 4s− 1;x), (A.5)
and our result (A.4) is in accord with this by setting h = s.
B Some summation formulas











































= n(n− 4)fpfq + 2nfp+q.
All the summations indices in above equations are in the range 0 ≤ j1,2,3,4 ≤ n − 1. The
first summation has the constraint j1 6= j2, the second and third summations have the
constraints j1 6= j2, j1 6= j3, and j2 6= j3, and the last summation has the constraints
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